We propose an alternative framework for quantifying coherence. The framework is based on a natural property of coherence, the additivity of coherence for subspace-independent states, which is described by an operationindependent equality rather than operation-dependent inequalities and therefore applicable to various physical contexts. Our framework is compatible with all the known results on coherence measures but much more flexible and convenient for applications, and by using it many open questions can be resolved.
Quantum coherence is a fundamental feature of quantum mechanics, describing the capability of a quantum state to exhibit quantum interference phenomena. It is an essential ingredient in quantum information processing [1] , and plays a central role in emergent fields, such as quantum metrology [2] [3] [4] , nanoscale thermodynamics [5] [6] [7] [8] [9] [10] [11] , and quantum biology [12] [13] [14] [15] [16] . Although the theory of quantum coherence is historically well developed in quantum optics [17] [18] [19] , it is only in recent years that the quantification of coherence has attracted a growing interest [20] [21] [22] [23] [24] due to the development of quantum information science.
By following the approach that has been established for entanglement resource [25, 26] , Baumgratz et al. proposed a seminal framework for quantifying coherence as a resource in Ref. [22] . The framework comprises four conditions, of which the first two are based on the notions of free states and free operations in the resource theories, while the third and fourth conditions are two constraints imposed on coherence measures. Based on this framework, a number of coherence measures, such as the relative entropy of coherence, the l 1 norm of coherence, and the coherence of formation [20, 22, 27, 28] , have been put forward. With the coherence measures, various properties of quantum coherence, such as the relations between quantum coherence and quantum correlations [29] [30] [31] [32] [33] , the freezing phenomenon of coherence [34, 35] , and the distillation of coherence [28, 36] , were investigated. Hereafter, we refer to the framework proposed by Baumgratz et al. as the BCP framework for simplicity.
Although the BCP framework has been widely used as an approach to coherence measures, there are arguments against the necessity of its last two conditions [29, 37] , and researchers have different opinions on the definition of free operations. Besides the incoherent operations defined in the BCP framework, there have been many different suggestions on the definition of free operations, such as maximally incoherent operations [20] , translationally invariant operations [23] , and others [38] [39] [40] . These arguments against the conditions and free operations imply that the frameworks for quantifying coherence are not unique. There can be other frameworks different from the BCP framework. For instance, the framework proposed by Marvian and Spekkens in Ref. [23] , called the MS framework for simplicity, is based on the translationally invariant operations, and it comprises only two conditions, which correspond to the first two of the BCP framework.
Possibly, based on different physical contexts, various frameworks for quantifying coherence can be constructed, and each of them may be with different conditions. The question is then: What basic conditions should be included in a well-defined framework for quantifying coherence, or is there a framework consisting of the basic conditions that can avoid the arguments against the previous conditions and are applicable to various physical contexts? In this Rapid Communication, we address this issue. We will put forward an alternative framework for quantifying coherence. It consists of three basic conditions, which are applicable to various physical contexts and can avoid the arguments against the previous frameworks. Our framework is compatible with all the known results on coherence measures but much more flexible and convenient for applications, and by using it, many open questions or arguments can be easily resolved.
To present our framework clearly, it is instructive to recapitulate some notions in resource theories, such as free states and free operations. In general resource theories, the notions of free states and free operations are, respectively, for the states that contain no resource and the operations that are unable to create the resource [41, 42] . Specifically to the coherence, a free state means a quantum state with no coherence, known as an incoherent state in general, and a free operation means a special quantum operation under which coherence does not increase, known as an incoherent operation in the BCP framework. Noting that the coherence of a state is with respect to a fixed basis, known as the incoherent basis, we hereafter use {|i , i = 0, 1, . . . , d − 1} to denote the incoherent basis of a d-dimensional quantum system S. An incoherent state can then be written as ρ = i ρ ii |i i|, and a general state can be written as ρ = i, j ρ i j |i j| with coefficients ρ i j being the elements of the density matrix. We further use C(ρ) to denote the coherence of a state ρ, and Λ to denote a free operation, which can be an incoherent operation or any other operations as mentioned above. With these notions, we may now be able to develop our framework consisting of three essential conditions.
The first two of the three conditions are based on the resource theories, just like those in the previous frameworks. One of them originates from the notion of incoherent states. By definition, an incoherent state means a state with no coherence. It is natural to set the coherence of an incoherent state to zero and let the coherence of a nonincoherent state (coherent state) be positive. That is, C(ρ) = 0 for the incoherent states and C(ρ) > 0 for all other states. The other condition comes directly from the notion of free operations. By definition, the coherence of a state does not increase under a free operation.
We then have C(ρ) ≥ C(Λ(ρ)).
Our third condition is based on a characteristic of coherence itself. To develop it, we consider a special family of states, which is with the form of block-diagonal matrices,
, where density operators ρ 1 and ρ 2 are defined on the two independent subspaces S 1 and S 2 , respectively, and p 1 and p 2 are two possibility coefficients with p 1 + p 2 = 1. Note that the coherence of a state stems from the correlations or superpositions of the incoherent basis states. Since there is no correlation between the two subspace-independent states ρ 1 and ρ 2 , the coherence of ρ only comes from the inside correlations of each ρ i , i = 1, 2. Therefore, the coherence of ρ should not be more than the total coherence of ρ 1 and ρ 2 . Similarly, it should not be less than the latter either, since ρ contains all the information of ρ 1 and ρ 2 . By noting that ρ is the mixture of ρ 1 and ρ 2 with weights p 1 and p 2 , a reasonable condition can then be expressed as
(
Expression (1) is derived from the characteristic of quantum coherence. It is a display of a basic property of coherence, to which we refer as the additivity of coherence for subspaceindependent states. The above three conditions form a general framework for quantifying coherence. If we further specify incoherent operations for free operations, our framework can be expressed as follows. A functional C can be taken as a coherence measure if it satisfies the following three conditions: (C1) C(ρ) ≥ 0 for all states, and C(ρ) = 0 if and only if ρ are incoherent states;
The third condition in our framework is described by only an operation-independent equality rather than operationdependent inequalities. This is the key to our framework. Many advantages of the framework, such as the compatibility, flexibility and applicability, originate from this simple equality. The following discussions will further elucidate the merits of our framework.
First, we show that the additivity of coherence for subspaceindependent states, i.e., our third condition, is fulfilled by all the coherence measures based on the BCP framework. To make the proof clear, we recall the BCP framework. A functional C can be taken as a coherence measure if it satisfies the following four conditions: (B1) C(ρ) ≥ 0 for all states, and C(ρ) = 0 if and only if ρ is an incoherent state; (B2) C(ρ) ≥ C(Λ(ρ)) if Λ is an incoherent operation, i.e., a completely positive trace-preserving (CPTP) map Λ(ρ) = n K n ρK † n with the Kraus operators K n satisfying K n IK † n ⊂ I, where I is the set of incoherent states [43] 
n /p n , and K n are the Kraus operators of an incoherent CPTP map Λ(ρ) = n K n ρK † n ; and (B4) n p n C(ρ n ) ≥ C( n p n ρ n ) for any set of states {ρ n } and any probability distribution {p n }.
We aim to show that any C satisfying the conditions (B1)-(B4) will necessarily satisfy C(
. To this end, we consider an incoherent CPTP map,
are projectors onto S 1 and S 2 , with N 1 and N 2 being the dimensions of S 1 and S 2 , respectively. It is easy to verify P n IP † n ⊂ I. According to (B3), since Tr[
On the other hand, according to (B4), since
, we have
However, C(ρ), as a valid coherence measure based on the BCP framework, must satisfy both Eqs. (2) and (3). This results in an equality,
To obtain (C3), we need to prove C(ρ 1 ⊕ 0) = C(ρ 1 ). To this end, we consider two incoherent CPTP maps, 
. By substituting these relations into Eq.(4), we finally obtain
Second, we show that the BCP framework can be derived from our framework. That is, each of the four conditions (B1)-(B4) can be derived from (C1), (C2), and (C3). To prove it, we only need to derive (B3) and (B4) from conditions (C1), (C2), and (C3), since (B1) and (B2) are just corresponding to (C1) and (C2).
We first derive (B3). To this end, we introduce an auxiliary system A of dimension N, of which the incoherent basis is denoted as {|n , 0 ≤ n ≤ N − 1}. The auxiliary system A and the system S form a combined system AS, of which the incoherent basis is {|n ⊗ |i }. We suppose that the whole system is initially in the state,
and undergoes an incoherent CPTP map,
where U n ⊗ K n are the Kraus operators of Λ AS with U n = N−1 k=0 |k + n (mod N) k|, and K n are the Kraus operators of the incoherent CPTP map Λ. It is easy to verify that (U n ⊗ K n )I(U n ⊗ K n ) † ⊂ I. Note that Λ has been defined as an incoherent CPTP map. Substituting Eq. (5) into Eq. (6), we have
where p n = Tr(K n ρK † n ) and ρ n = K n ρK † n /p n . According to condition (C3), we have
and
According to condition (C2), from Eqs. (8) and (9) we immediately derive
i.e., the condition (B3). By the way, one may find that the first equality in Eq.
(9) immediately leads to the condition C(ρ) ≥ C N−1 n=0 p n |n n| ⊗ ρ n , i.e., the classical flag monotonicity [22] . It implies that the classical flag monotonicity, which was proved only for the relative entropy of coherence and l 1 norm of coherence, is actually valid for all coherence measures satisfying our third condition and therefore for all the coherence measures based on the BCP framework.
We now derive (B4). We again consider the combined system comprising the auxiliary system A and the system S, as stated above. Now, we suppose the whole system is initially in the state,
where {ρ n , 0 ≤ n ≤ N − 1} is a set of states and {p n , 0 ≤ n ≤ N − 1} is a probability distribution, and undergoes an incoherent CPTP map,
where |0 n| ⊗ I are the Kraus operators of Λ AS , satisfying (|0 n| ⊗ I)I(|0 n| ⊗ I) † ⊂ I. Substituting Eq. (11) into Eq. (12), we have
According to condition (C3), we have
According to condition (C2), from Eqs. (14) and (15) we immediately derive
i.e., condition (B4). Third, our framework is efficient and convenient for applications, and it can help to resolve some open questions and arguments. For instance, our framework can help to resolve the argument about the necessity of the last two conditions in the BCP framework. As mentioned above, the two conditions (B3) and (B4) have been suspected of necessity. Here, our discussion shows that these conditions can be derived from the natural property of coherence described by Eq. (1), and therefore they are reasonable requirements in the BCP framework. Furthermore, our framework can simplify the calculations in examining whether a functional C is qualified as a coherence measure. Generally speaking, it is relatively easier to examine whether a candidate of coherence measure satisfies (C3) than to examine whether it satisfies (B3) and (B4), since (C3) is only an equality and does not involve operations. For example, the proof of the relative entropy of coherence can be significantly simplified by using our framework, since condition (C3) follows directly from the well-known relation for entropy
where S is von Neumann entropy and H is Shannon entropy [1] . In the following, we would like to give one more example, i.e., the trace norm of coherence, to further show the efficiency of our framework.
The trace norm of coherence is defined as
where ρ−δ tr = Tr|ρ−δ| is the trace norm between the state ρ and the incoherent states δ [22] . C tr has been expected to be a coherence measure, but it is quite difficult to prove it to satisfy all four conditions in the BCP framework. So far, whether the trace norm of coherence is a legitimate coherence measure
is still an open question. Previous works have proved that C tr satisfies (B1), (B2), and (B4) [22, 34] . Recently, it was further proved that (B3) is fulfilled at least for qubit and X states [44, 45] . Yet, it remains unknown whether (B3) is fulfilled for all other states. By using our framework, the open question is resolved, since C tr does not satisfy our third condition. To illustrate this, we need first to prove
where
By using the relations UAU † tr = A tr and A tr + B tr ≥ A + B tr , which are valid for all the same dimensional matrices A, B and unitary operators U [46] , we can obtain
This inequality necessarily leads to min δ∈I
which further gives the result in Eq. (18) . We then consider a special state, ρ = , which shows that
Therefore, the trace norm of coherence is not a legitimate coherence measure, and it must violate (B3) too. In passing, we would like to add that the modified trace norm of coherence, C ′ tr (ρ) = min λ≥0,δ∈I ρ − λδ tr , can be proved to satisfy (C1), (C2), and (C3), and therefore provides a legitimate coherence measure [47] . However, it is quite difficult to prove this result without using our framework.
All the above discussions show that our framework, compared with the seminal BCP framework, has many interesting features. (1) An operation-independent equality in our framework takes the place of both an operation-dependent inequality and an operation-independent inequality in the BCP framework. This makes our framework simple in form and convenient for applications. (2) Our third condition is fulfilled by all the coherence measures based on the BCP framework, and the BCP framework can be derived from our framework. This compatibility can greatly simplify many calculations by using our framework instead of the BCP framework. (3) Our framework can help to resolve some open questions or arguments about quantifying coherence. For instance, the open question whether the trace norm of coherence is a legitimate coherence measure is immediately resolved by using our framework.
Before concluding, we would like to stress that our framework, as an approach for quantifying coherence, is generally applicable to various physical contexts. Although we have used the notion of incoherent operations in the expression of our framework in order to compare with the BCP framework, our framework is still valid if the incoherent operations are replaced by any other free operations as needed. For instance, the incoherent operations can be replaced by the translationally invariant operations defined in Ref. [23] , which leads to another expression of our framework. Note that the translationally invariant operations, developed from the resource theories of asymmetry [21, [48] [49] [50] [51] [52] , are described with the help of a fixed observable H, of which the eigenstates just correspond to the fixed basis in our framework. By definition, a functional C H can be taken as a coherence measure relative to a fixed observable H, if it satisfies the following two conditions: (M1) C H (ρ) ≥ 0, and C H (ρ) = 0 if and only if ρ is a translationally invariant state, i.e., satisfying e −iHt ρe iHt = ρ; and (M2) C H (ρ) ≥ C H (Λ(ρ)) if Λ is a translationally invariant operation, i.e., a CPTP map satisfying e −iHt Λ(ρ)e iHt = Λ(e −iHt ρe iHt ) for all states ρ. Comparing the MS framework and our framework, one may find that (M1) and (M2) are just equivalent to (C1) and (C2) if the incoherent operations in our framework are replaced by the translationally invariant operations. However, there is one more condition in our framework. In the language of a fixed observable H, an equivalent expression of Eq. (1) can be rewritten as (M3) C H 1 ⊕H 2 (p 1 ρ 1 ⊕ p 2 ρ 2 ) = p 1 C H 1 (ρ 1 ) + p 2 C H 2 (ρ 2 ), where H i represent the components of observable H in the subspace S i on which the density operators ρ i are defined. Such expression of our framework is applicable to the translationally invariant operations. It is interesting to note that all the known coherence measures based on the MS framework, such as Dyson-Wigner-Yanase skew information [23, 53] , the trace norm of commutator [23] , and the quantum Fisher information [54] , fulfill our third condition. The coherence measures fulfilling our third condition automatically satisfy the monotonicity of coherence under selective measurements on average and the nonincreasing of coherence under mixing of states, while the coherence measures fulfilling only the MS framework but not the third condition cannot have these features.
In conclusion, we have put forward a property of coherence, called the additivity of coherence for subspace-independent states, which is applicable to various physical contexts, and based on it, an alternative framework for quantifying coherence is constructed. Our framework, consisting of three basic conditions, is compatible with all the known results on coherence measures but much more flexible and convenient for applications, and it can significantly improve the theories of quantifying coherence.
Our finding leads to a much simpler and more practical expression of the seminal BCP framework if the incoherent operations are specified for free operations. Many open questions, which have been proved difficult to resolve by using the previous frameworks, can be resolved by using our framework.
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